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Fractal zeta functions and complex dimensions: 
A general higher-dimensional theory 

Michel L. Lapidus, Goran Radunovic and Darko Zubrinic 


Abstract. In 2009, the first author introduced a class of zeta functions, called 
‘distance zeta functions’, which has enabled us to extend the existing theory 
of zeta functions of fractal strings and sprays (initiated by the first author 
and his collaborators in the early 1990s) to arbitrary bounded (fractal) sets 
in Euclidean spaces of any dimensions. A closely related tool is the class of 
‘tube zeta functions’, defined using the tube function of a fractal set. These 
zeta functions exhibit deep connections with Minkowski contents and upper 
box (or Minkowski) dimensions, as well as, more generally, with the complex 
dimensions of fractal sets. In particular, the abscissa of (Lebesgue, i.e., abso¬ 
lute) convergence of the distance zeta function coincides with the upper box 
dimension of a set. We also introduce a class of transcendentally quasiperiodic 
sets, and describe their construction based on a sequence of carefully chosen 
generalized Cantor sets with two auxilliary parameters. As a result, we obtain 
a family of “maximally hyperfractal” compact sets and relative fractal drums 
(i.e., such that the associated fractal zeta functions have a singularity at ev¬ 
ery point of the critical line of convergence). Finally, we discuss the general 
fractal tube formulas and the Minkowski measurability criterion obtained by 
the authors in the context of relative fractal drums (and, in particular, of 
bounded subsets of R^). 
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1. Introduction 


This article provides a short survey of some of the recent advances in the theory 
of fractal zeta functions and the associated higher-dimensional theory of complex 
dimensions, valid for arbitrary bounded s ubsets of Eu clidean spaces and developed 
in the forthcoming research monograph [LapRaZul , entitled Fractal Zeta Func¬ 
tions and Fractal Drums: Higher-Dimensional Theory of Fractal Dimensions. (See 
also the research articles [LapRaZu2-6] and the survey article [LapRaZu?].) 


The theory of zeta functions of fractal strings, initiated by the first author 
in the early 1990s and described in an extensive research monograph |Lap-vFi^ , 
joint with M. van Frankenhuijsen (see also the references therein), was given an 
unexpected impetus in 2009, when a new class of zeta functions, called ‘distance 
zeta functions’, was discovered (also by the first author)0 Since distance zeta func¬ 
tions are associated with arbitrary bounded (fractal) sets in Euclidean spaces of 
any dimension (see Definition l2.1l) . they clearly represent a valuable tool connect¬ 
ing the geometry of fractal sets with complex analysis. This interplay is described 
in [LapRaZul-7], where the foundations of the theory of fractal zeta functions have 
been laid. In this paper, by ‘fractal zeta functions’ we mean the following three 
classes of zeta functions: zeta functions of fractal strings (and, more generally, of 
fractal sprays), distance zeta functions and tube zeta functions of bounded sub¬ 
sets of K^, with iV > 1, although some other classes may appear as well, like zeta 
functions of relative fractal drums in and spectral zeta functions; see (H] below 
and [LapRaZul, Chap. 4]. The theory of fractal zeta functions exhibits very in¬ 
teresting connections with the Minkowski contents and dimensions of fractal sets; 
see Theorems 12.61 and 12.81 


Like fractal string theory, which the present theory of fractal zeta functions 
extends to arbitrary dimensions (as well as to “relative fractal drums” in R^), 
the work described here should eventually have applications to various aspects of 
harmonic analysis, fractal geometry, dynamical systems, geometric measure theory 
and analysis on nonsmooth spaces, number theory and arithmetic geometry, math¬ 
ematical physics and, more speculatively, to aspects of condensed matter physics 
and cosmolo gy. Some of the more mathematical applications of the theory are 


described in LapRaZul , as well as in [LapRaZu2-7], but a variety of potential 


applications remain to be explored or even imagined. 

The basic property of the distance zeta function of a fractal set, described in 
Theorem 12.41 is that its abscissa of (absolute or Lebesgue) convergence is equal to 
the upper box dimension D of the set. Under some mild hypotheses, D is always a 


^For fractal string theory and the associated one-dimensional theory of complex dimensions, as 
well as for the extensions to higher-dimensional fractal sprays (in the sense of [LapPoS]), we refer 
the reader to the research monographs [Lap-vFrl—3] along, for example, with the articles [Lapl— 
6, LapPol-3, LapMal-2, Fall, HeLap, HamLap, Tepl-2, LapRo, LapLeRo, LeMen, LapLu, 
LapLu-vFrl—2, LapPel—2, LapPeWil—2, LalLapl—2, LapRoZu, RaWi, ElLapMacRo, HerLapl— 
2]. We refer, in particular, to [Lap-vFr3, §12.2.1 and Chap. 13] for a survey of some of the recent 
developments of the theory, prior to [LapRaZul-7]. 
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singularity; see part (&) of Theorem 12.41 Furthermore, assuming that Z? is a pole, 
then it is simple. Moreover, the residue of the distance zeta function computed at 
D is, up to a multiplicative constant, between the corresponding upper and lower 
Minkowski contents. A similar statement holds for the tube zeta function. (See 
Theorems 12.61 and 12.81 respectively.) 

In addition, according to part (5) of Theorem 12.41 under some mild assump¬ 
tions on a bounded set A, the abscissa of (Lebesgue, i.e., absolute) convergence of 
its distance zeta function coincides not only with D, but also with the abscissa of 
holomorphic continuation of the zeta function. 

We stress that if D := dim^A < TV, all the results concerning the distance 
zeta functions have exact counterparts for the tube zeta functions, and vice versa. 
In other words, the fractal zeta functions introduced in [LapRaZul-7] contain 
essentially the same information. In practice, however, it is often the case that 
one of the fractal zeta functions is better suited for the given situation under 
consideration. 


In (21 we discuss the existence and the construction of a suitable meromor- 
phic continuation of the distance (or tube) zeta function of a fractal set, both 
in the Minkowski measurable case (Theorem 13.11) and a frequently encountered 
instance of Minkowski nonmeasurable case (Theorem 13.2|) . We will illustrate the 
latter situation by computing the fractal zeta function and the associated complex 
dimensions of the Sierpinski carpet; see Proposition 13.51 and Ex ample 17.31 w hen 


TV = 2 or 3, respectively. Many other examples are provided in LapRaZul and 


[LapRaZu2-6], where are calculated, in particular, the complex dimensions of the 
higher-dimensional Sierpinski gaskets and carpets in for any N >2. 

In 21 '''^6 introduce the so-called transcendentally n-quasiperiodic sets, for 
any integer n > 2 (that is, roughly speaking, the sets possessing n quasiperiods; 
see Definition HU), and describe the construction of 2-quasiperiodic sets, based 
on carefully chosen generalized Cantor sets with two parameters, introduced in 
Definition 14.11 see Theorem 14.51 It is also possible to construct n-quasiperiodic 
sets, for any n > 2, and even oo-quasiperiodi c sets, that is, sets which possess 


infinitely many quasiperiods; see (J5] below and LapRaZul §4.6]. 


In 21 we introduce the notion of a relative fractal drum (A, D) (which repre¬ 
sents a natural extension of the notion of bounded fractal string and of bounded 
set). We also introduce the corresponding relative distance and tube zeta functions 
C^( •, D) and C^( •, D), and study their properties. It is noteworthy that the rela¬ 
tive box dimension dimB(A, D) can be naturally defined as a real number, which 
may also assume negative values, including — oo. 

In d?! we address the question of reconstructing the tube function f >->• | AtflDj 
of a relative fractal drum (A, D), and thereby of obtaining a general “fractal tube 
formula” expressed in terms of the complex dimensions of (A, D) (defined as the 
poles of a suitable meromorphic extension of the relative d istance zeta function 
Ca( • ,^))- The corresponding tube formulas are obtained in LapRaZul Chap. 5] 
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and [LapRaZuG] (announced in [LapRaZuS]), as well as illustrated by a variety 
of examples. The example of the three-dimensional Sierpihski carpet is given in 
Example [731 Moreover, towards the end of (Q we explain how to deduce from our 
general tube formulas (and significantly extend) earlier results obtained for fractal 
strings (in [Lap-vFrl-3l) and, especially, for fractal sprays and self-similar tilings 
(in [LapPe2] and [LapPeWil]). 

In closing this introduction, we recall some basic notation and terminology 
which will be needed in the sequel. First of all, in order to avoid trivial special 
cases, we assume implicitly that all bounded subsets of under consideration in 
the statements of the theorems are nonempty. Assume that A is a given bounded 
subset of and let r be a fixed real number. We define the upper and lower 
r-dimensional Minkowski eontents of A, respectively, by 

:= limsup , MAA) := liminf , 

where At denotes the Euclidean t-neighborhood of A (namely. At := {x G R^ : 
d{x,A) < t}) and |A(| is the iV-dimensional Lebesgue measure of Aj. The upper 
and lower box (or Minkowski) dimensions of A are then defined, respectively, by 

dim^A := inf{r G R : M*^{A) = 0}, dim pA := inf{r G R : Ml{A) = 0}. 

It is easy to check that 0 < dim ^A < dim^A < N. Furthermore, if A is such 
that dim pA = dims A, then this common value is denoted by dims A and is 
called the box (or Minkowski) dimension of A. Moreover, if A is such that, for 
some D G [0, A^], we have 0 < Ai^(A) < A4*^{A) < oo (in particular, then 
dims A exists and D = dims A), we say that A is Minkowski nondegenerate. If 
Ai^{A) = M*^{A), then this common value is denoted by M^{A) and called 
the Minkowski eontent of A. Finally, assuming that A is such that A4^(A) exists 
and 0 < Ai^{A) < oo, we say that A is Minkowski measurable^ 

Throughout this paper, given a G R U {±oo}, we denote by {Res > a} the 
corresponding open right half-plane in the complex plane, defined by {s G C : 
Res > a}. (In particular, if a = ±oo, {Res > a} is equal to 0 or C, respectively.) 
Similarly, given any a G R, we denote by {Res = a} the corresponding vertical 
line {s G C : Res = a}. 


^We note that the notion of Minkowski dimension was introduced (for noninteger values) by 
Bouligand IBoul in the late 1920s (without making a clear distinction between the lower and 
upper limits), while the notions of (lower and upper) Minkowski content, Minkows ki mea surability 
and Minkowski nondegeneracy were introduced, respectively, in |Fed2) . |Sta) and [Zul| . (See also 
[Lapl, LapPol] and, especially, [LapPo2—3], along with [Lap-vFr^ , for the latter notions.) For 
general references on the notion of Minkowski (or box) dimension (from different points of view), 
we refer, for example, to [Fed2], [Fal2], [Tri], [Mat] and [Lap-vFr3]. 
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2. Distance and tnbe zeta functions 

Let us introduce a new class of zeta functions, defined by the first author in 2009, 
which extends the notion of geometric zeta functions of bounded fractal strings to 
bounded subsets of Euclidean spaces of arbitrary dimensions. 

Definition 2.1 ([LapRaZul,2]). Let A be a bounded subset of and let i5 be a 
fixed positive real number. Then, the distance zeta function ('a of A is defined by 

Ca(s) := [ d{x,Ay~^dx, ( 1 ) 

JAs 

for all s G C with Res sufficiently large. Here, d{x,A) := inf{|a; — y\ : y € A} 
denotes the usual Euclidean distance from x to A. Furthermore, the integral is 
taken in the sense of Lebesgue, and hence, is absolutely convergent!! 

Remark 2.2. Since the difference of any two distance zeta functions of the same set 
A corresponding to two different values of S is an entire function]! it follows that 
the dependence of the distance zeta function Ca on <5 > 0 is inessential, in the sense 
that the poles (of meromorphic extensions) of Ca, as well as their multiplicities, 
do not depend on the choice of 6. 

The key for understanding the behavior of the distance zeta function C,a 
consists in understanding the Lebesgue integrability of the function As 3 x ^ 
d(a:, where s G C is fixed]! (We shall soon see that Res should be 

sufficiently large.) More precisely, we are interested in the Lebesgue integrability 
of the function x i—>■ d{x, A)~^ defined on As, where 7 := iV — Re s and s is a fixed 
complex number. Since the function is clearly bounded (and hence, integrable) for 
7 < 0, it suffices to consider the case when 7 > 0, that is, when Res < N. 

Let us recall a useful and little known result due to Harvey and Polking, stated 
implicitly on page 42 of [HarPolj , in which a sufficient condition for Lebesgue inte¬ 
grability is expressed in terms of the upper box dimension. If A is any nonempty 
bounded subset o/R^, then the following implication holds^ 

'y < N — diuiBA => / d{x, A)~^dx < 00 . (2) 

JAs 

Remark 2.3. The sufficient condition for the Lebesgue (i.e., absolute) integrability 
of the function As ^ x^ d{x, A)'*“^ in the Harvey-Polking result in ([2]), becomes 
7 :=A^ — Res<A^ — dimsA, that is. Re s > dimsA. In other words, Ca(s) is well 
defined for all s G C in the open right half-plane {Res > dims A}. 

^For simplicity, we implicit ly assume throughout this paper that |A| = 0; the case when |A| > 0 
is discussed in [LapRaZul| . 

^This is an easy consequence of the fact that d(fr,A) € [<5i,(52] for all x E As 2 \ with 
0 < < ^2 < oo. 

^Indeed, note that \d{x,A)^~^\ = d{x, for all x E A^. 

^Moreover, if we assume that D := dimg A exists, D < N and Ai^{A) > 0, then the converse 
implication holds as well; see [Zull Thm. 4.3]. (See also [Zu2, Thm. 4.1(b)].) 
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The distance zeta function of a bounded set represents a natural extension of 
the notion of geometric zeta function (^c, associated with a bounded fractal string 
£ = (introduced by the first author and his collaboratortQ in the early 

1990s and extensively studied in [Lap-vFrl-3] and the relevant references therein): 

OO 

Cc{s):=Y.(£,r, (3) 

i=i 

for all s S C with Re s sufficiently large. Here, a bounded fractal string C is defined 
as a nonincreasing infinite sequence of positive real numbers (£j)j>i such that 
£ := J2j>i ^3 < Alternatively, £ can be viewed as a bounded open subset H 
of M, in which case the £jS are the lengths of the connected components (open 
intervals) of H, written in nonincreasing order (so that J, 0 as j —>■ oo). 

An important first result concerning (first observed in [Lap2-3], using a 
result from |BesTay| ) is that its abscissa of (absolute) convergence coincides with 
D (the inner Minkowski dimension of £ or, equivalently, of its fractal boundary 
9H), defined by D := dimB(9H, H); see definition (HT|) below. For a direct proof of 
this statement, see [Lap-vFr3, Thm. 1.10] or [Lap-vFr3, Thm. 13.111] and [LapLu- 
vFr2]. In light of the next comment, it can be readily shown that part (a) of 
Theorem 12.41 below extends this result to arbitrary compact subsets of Euclidean 
spaces in any dimension; see [LapRaZul,2]. 

It is easy to see that the distance zeta function (ac of the set 



associated with £, and the geometric zeta function Cc are connected by the fol¬ 
lowing simple relation: 

Cac{s) = u{s)Cc{s)+v{s), (4) 

for all complex numbers s such that Re s is sufhciently large, where u and v are 
holomorphic on C\ {0} and u is nowhere vanishing. In particular, due to Theorem 
12.41 below, it follows that the abscissae of convergence of the distance zeta function 
Ca and of the geometric zeta function (fc coincide, and that the corresponding poles 
located on the critical line {Res = dimBH£} (called principal complex dimensions 
of £ or, equivalently, of Ac), as well as their multiplicities, also coincide. The 
exact same results hold if Ac is replaced by cIH, the boundary of H, where fl is 
any geometric realization of £ by a bounded open subset of K. For more details, 
see [LapRaZul,2]. 

Before stating Theorem 12.41 we need to introduce some terminology and 
notation, which will also be used in the remainder of the paper. 

Given a meromorphic function (or, more generally, an arbitrary complex¬ 
valued function) / = /(s), initially defined on some domain ?7 C C, we denote by 
Dhoiif) the unique extended real number (i.e., £>hoi(/) G RU {±oo}) such that 


^See, especially, [Lap2-3], [LapPol-3], [LapMal-2] and [HeLap]. 
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{Res > -Dhoi(/)} is the maximal open right half-plane (of the form (Res > a}, for 
some a G K U {±oo}) to which the function / can be holomorphically extended^ 
This maximal (i.e., largest) half-plane is denoted by 'H{f) and called the half-plane 
of holomorphic continuation of /. 

If, in addition, the function / = fjs) is assumed to be given by a tamed 
Dirichlet-type integral (or DTI, in short) □ of the form 


/(s) := [ ip{xydn{x), (5) 

J E 

for all s S C with Re s sufficiently large, where /i is a (positive or complex) local 
(i.e., locally bounded) Borel measure on a given (measurable) space E and 


0 < ip{x) < C for |/i|-a.e. x G E, (6) 

where C > 00 then D{f), the abscissa of {absolute or Lebesgue) convergence of /, 
is defined as the unique extended real number (i.e., D{f ) G MU {±oo}) such that 
{Res > D{f )} is the maximal open right half-plane (of the form {Res > a}, for 
some a G K U {±oo}) on which the Lebesgue integral initially defining / in ([5]) is 
convergent (or, equivalently, is absolutely convergent), with p, replaced by |/i|, the 
total variation measure of fx. (Recall that |/r| = /r if /r is positive.) In short, D{f) is 
called the abscissa of convergence of /. Furthermore, the aforementioned maximal 
right half-plane is denoted by n(/) and is called the half-plane of (absolute or 


Lebesgue) convergence of (the Dirichlet-type integral) /. It is shown in LapRaZul 


§2.1] that under mild hypotheses (which are always satisfied in our setting), D( f) 
is well defined and (with the notation of ([5]) just above) we have, equivalently0 


D(/) = inf G K : J 93 (a:)“d|^|(x) < oo| , (7) 

where (as above) j^j is the total variation (local) measure of pL. Under the stated 
conditions on /, we have n(/) C 'H{f)] that is, —oo < Dhoi(/) < D{f) < -boo. 

Note that the distance zeta function dehned by o, is a tamed DTI of the 
form ®, with E := As, (p{x) := d{x,A) and d/x(x) := d{x,A) ^dx. Furthermore, 
we can clearly take C := S in ((HI). 

The following key result describes some of the basic properties of distance 
zeta functions. 


^By using the pr inciple of an alytic continuation, it is easy to check that Dhol(/) E{f) are 
well defined; see [LapRaZul [ §2.1]. 

®This is the case of the classic (generalized) Dirichlet series and integrals |Serl IPos) . the classic 
arithmetic zeta functions (see, e.g., |Lap-vFr3l App. A] and [Lap 4, Apps. B, C &: Ej), as well 
as of the geometric zeta functions of fractal strings studied in [Lap-vFrl-3] and of all the fractal 

zeta functions considered in this paper and in [LapRaZul-7]. _ 

^‘^Such functions / are called tamed DTIs in [LapRaZul-7]; see esp. [LapRaZul j App. A] for a 
development of their general theory. 

^^Let D := dim^A, for brevity. In light of Theorem l2.4l for this alternative definition of (or 

of D{(^a)), with A C bounded (as in the present situation), it would suffice to restrict oneself 
to CK > 0 in the right-hand side of 0; this follows since D{(^a) = dim^A > 0 and (if D < N), 
D((^a) = D{^a)- Here, (^a stands for the tube zeta function of A, defined by Equation m- 
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Theorem 2.4 ([LapRaZul,2]). Let A be an arbitrary bounded subset and let 

6 be a fixed positive real number. Then: 

(а) The distance zeta function is holomorphic on {Res > dims^}- More¬ 
over, n(^^) = {Res > dims^l}; that is, 

D{Ca) = dimsA. ( 8 ) 

(б) If the box {or Minkowski) dimension D := dims A exists, D < N and 

(A) > 0, then Ca(s) —>■ +c» as s S K converges to D from the right. In 

particular, 'H{C,a) = n(CA) = {Res > dims A}; that is, 

^?hoi(CA) = ■D(Ca) = dims A. (9) 

Remark 2.5. (a) It would be of interest to construct (if possible) a class of non¬ 
trivial bounded subsets A of such that I?hoi(CA) < D{({a)- A trivial example 
is given by A = [ 0 , 1 ], since then DhoKCA) = 0 and D{(a) = 1- 

( 6 ) The analog of Theorem 12.41 holds for the tube zeta function ({a (to be 
introduced in Definition 12.71 below), except for the fact that in part ( 6 ), one no 
longer needs to assume that D < N. 

Given a bounded set A, it is of interest to know the corresponding poles of 
the associated distance zeta function (a, meromorphically extended (if possible) 
to a neighborhood of the critical line {Res = D{({a)}- Following the terminology 
of |Lap-vF^ , these poles are called the complex dimensions of A and we denote 
the resulting set of complex dimensions by r{CA)E We pay particular attention 
to the set of complex dimensions of A located on the critical line {Res = D{(a)}, 
which we call the set of principal complex dimensions of A and denote by dimpc' A. 

For example, it is well known that for the ternary Cantor set , dimp 

= logg 2 and, moreover (see |Lap-vFr3l §1.2.2 and §2.3.1]), with i := \/^, 

27r 

dimpc := logg 2 -k ^—- iZ. 

logs 

The following result provides an interesting connection between the residue 
of the distance zeta function of a fractal set at D := dimp A and its Minkowski 
contents. 

Theorem 2.6 ([LapRaZul,2]). Assume that A is a bounded subset ofM.^ which is 
nondegenerate {that is, 0 < A4f’(A) < A4*^{A) < oo and, in particular, dimp A = 
D), and D < N. If the distance zeta function ({a{'t^s) ■= Ca, initially defined 


^^Strictly speaking, one should talk about the set F(Cai F) of visible complex dimensions relative 
to a domain f/ C C to which (^a can be meromorphically extended; see [LapRaZul-4] (along with 
|Lap-vFr3] ). In the examples described in this paper, we have U := C. 
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by O, can he meromorphically extende^^ to a neighborhood of s = D, then D is 
necessarily a simple pole of C,a(,‘ , Ag), and 

{N - D) M^{A) < res(a( •, As),D) < {N - D) M*°{A). (10) 

Furthermore, the value o/res(^^(- ,As),D) does not depend on 5 > 0. In particu¬ 
lar, if A is Minkowski measurable, then 

YesiCA{-,As),D) = {N-D)M^{A). ( 11 ) 


The distance zeta function defined by © is closely related to the tube zeta 
function of a fractal set, which, in turn, is defined via the tube function f i—>■ \At\, 
for t > 0, of the fractal set A, as we now explain. 


Definition 2.7 ([LapRaZul,2]). Let d be a fixed positive number, and let A be a 
bounded subset of Then, the tube zeta function ol A, denoted by Cai is defined 
(for all s S C with Re s sufficiently large) by 

rS 


Ca(s) := / t 


<-N-U A 




( 12 ) 


For any fixed positive real number 5 > 0, the distance and tube zeta functions 
associated with a given fractal set A are connected as follows 

a(s, ^5) = + {N- s)U{s, 6), (13) 

for Res > dimsAlil see [LapRaZul,2]0 Using this result, it is easy to obtain 
the analog of Theorem 12.41 for (a (as was stated in Remark l2.5f bl above) and to 
reformulate Theorem 12.61 in terms of the tube zeta functions. In particular, we 
conclude that the residue of the tube zeta function of a fractal set, computed at 
s = D, is equal to its Minkowski content, provided the set is Minkowski measurable. 


Theorem 2.8 ([LapRaZul,2]). Assume that A is a nondegenerate bounded subset 
ofM.^ (so that D := dim^ ^ exists), and there exists a meromorphic extension of 
C,A to a neighborhood of D. Then, D is a simple pole of C,a, and for any positive 
S, Tes(fA,D) is independent of 6. Furthermore, we have 

M^(A) <Tes(CA,D) <M*°{A). (14) 

In particular, if A is Minkowski measurable, then 

TesiCA,D)=M^{A). (15) 

^^The existence and construction of meromorphic extensions of fractal zeta functions is discussed 
in 331 If is studied in a variety of situatons in [LapRaZul-4,6]. 

^^We write here Ca( ■ ? ^s) •= Ca ^-nd := Ca? for emphasis. 

f^In light of the principle of analytic continuation, one deduces that identity |IT3 ]i continues to 
hold whenever one (and hence, both) of the fractal zeta functions and is meromorphic on 
a given domain f/ C C. 

f^The case when D = in Theorem 12.81 must be treated separately. 
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A class of fractal sets A for which we have strict inequalities in (fl^ (and 
hence also in (ITU)) of Theorem 12.61 above) is constructed in Theorem 13.21 see (1^ . 


3. Meromorphic extensions of fractal zeta functions 


Since the definition of the set of principal complex dimensions dim pc A of A 
requires the existence of a suitable meromorphic extension of the distance zeta 
function (a, it is natural to study this issue in more detail. For simplicity, we 
formulate the results of this section for , but we note th at the analo gs of The- 
orems 13.11 a nd also hold for (^a, provided D < N\ see LapRaZul §2.3.3] or 


LapRaZu3 


Theorem 3.1 (Minkowski measurable case, [LapRaZul,3]). Let A be a bounded 
subset ofM.^ such that there exist a > 0, A4 G {0, +c») and D > 0 satisfying 

\At\=t^-° (M + Oir)) as t^0+. (16) 

Then, dims A exists and dim^ A = D. Furthermore, A is Minkowski measurable 
with Minkowski content A4^(A) = Ai. Moreover, the tube zeta function ^a has 
for abscissa of convergence D(C,a) = dims A = D and possesses a {necessarily 
unique) meromorphic continuation {still denoted by (a) to {at least) the open right 
half-plane {Res > D — a}. The only pole of C,a in this half-plane is s = D; it is 
simple and, moreover, Tes{fA,L)) = A4. 


Next, we deal with a useful class of Minkowski nonmeasurable sets. Before 
stating Theorem l3.2l let us first introduce some notation. Given a locally integrable 
T-periodic function G : M —?> M, with T > 0, we denote by Go its truncation to 
[0, T], while the Fourier transform of Go is denoted by Gq: for all f G R, 

^+oo pT 

Go{t):= e-2’^“^Go(T)dT= / e-2^“^G(r) dr. (17) 

J — oo J 0 


Theorem 3.2 (Minkowski nonmeasurable case, [LapRaZul,3]). Let A be a bounded 
subset of such that there exist D > 0, a > 0, and G : M —>■ (0, +oo) a 
nonconstant periodic function with period T > 0, satisfying 

|At| =t^-^(G(logf-i) + 0(f“)) as t^0+. (18) 

Then G is continuous, dim^ A exists onddims A = D. Furthermore, A is Minkowski 
nondegenerate, with upper and lower Minkowski contents respectively given by 

Alf’(A) = minG, A1*^(A) = maxG. (19) 

Moreover, the tube zeta function Ca has for abscissa of convergence D{fA) = D 
and possesses a {necessarily unique) meromorphic extension {still denoted by ((a) 
to {at least) the half-plane {Res > D — a}. 
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In addition, the set of principal complex dimensions of A is given by 

dimpc ^ = |sfc = £> + ^0, fc e z| (20) 

(see (113) and there are no other complex dimensions in {Res > D — a}; they are 
all simple, and the residue at each Sk € dimpc^, with k € Z, is given by 

res(Oi,Sfe) = (21) 

If Sk S dimpc^, then s-k G dimpc^ {in agreement with the ‘reality principle’), 
and I res(CA, Sfc)| < ^ /o G'(r) dr; furthermore, limfc_^±oo res(Ci, Sfc) = 0. 

Moreover, the set of principal complex dimensions of A contains sq = D, and 

Tes{CA,D) = ^ G(T)dr. (22) 

In particular, A is not Minkowski measurable and 

M^{A) < res(CA, D) < M*^{A). (23) 


Example 3.3 (a-strings). The compact set A := {j “ : j S N} U {0}, where a > 0, 
is Minkowski measurable and 

M^{A) = D := dimB A = (24) 

(See [Lap 1, Exple. 5.1 and App. C].) The associated fractal string £ = {ij)j>i, 
defined by £j = j~°' — {j + for all j > 1 (or, equivalently, by fl := [0,1]\A C K, 
so that dil = A), is called the a-string-, see [Lapl-3], [LapPol-2], [HeLap] and 
|Lap-vFr3l §6.5.1]. In light of (|TT|) and (|T^ . we then know that res(CA( •, As),D) = 
il-D)M^{A) and resiU^D) =M^(A). 


Example 3.4 (fractal nests). Let a > 0 and let A be the countable union of con¬ 
centric circles in K.^, centered at the origin and of radii r = k~°‘, where k G N. 
According to the terminology introduced in [LapRaZul-4], A is called the fractal 
nest of inner type generated by the a-string from the preceding example. Then, 
using the the distance zeta function of A it is possible to show that 


D := dimpA = max 


{'■tI.}- 


(25) 


(See LapRaZul Chap. 3] and [LapRaZu2-4].) The set A is closely related to the 
planar spiral T defined in polar coordinates by r = 9~°‘, 6 > 6o, where do > 0 , and 
the value of dimp T is the same as for A; see |Tri) . We mention in passing that for 
a ^ 1, the fractal nest A (as well as the corresponding spiral T) is Minkowski mea¬ 
surable and for every a G (0,1), the value of its Minkowski content is independent 
of do and given by 

7W^(A) = 7r(2/a)2“/(i+“)l’^ “ 


— a 


(26) 
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Using (l26l) . along with with Eq. m from Theorem 12.61 we conclude that the 
residue of the distance zeta function (a, as well as of ^r, computed at s = D, is 
given by 

Tes{CA,D) =res(Cr,U>) = 7r(2/a)^“/(^+“^(27) 

1 — a 

provided a G (0,1). For a = 1, we have M^{A) = Al^(r) = +oo. These and 
related results are useful in t he study of fractal properties of spiral trajectories of 


planar vector fields; see, e.g., ZuZup 


More generally, if we consider the fractal nest A^; defined as the countable 
union of concentric spheres in R'^, centered at the origin and of radii r = fc““, 
where A: € N, then using the distance zeta function it can be shown (see 

LapRaZul §3.4] and [LapRaZu2-4]) that 

_ r N '1 

dimsAjv = max < TV — 1,-). (28) 

I 1 + a J 

Note that for N = 1 and N = 2, we recover the box dimension of the a-string and 
of the fractal nest, respectively; see [LapRaZu2-4] and Eqs. (I24l) - (l25ll above. 


In the following result, we provide the distance zeta function of the Sierpihski 
carpet and the corresponding principal complex dimensions. It is well known that 
the Sierpih ski carpet is not Minkowski measurable. See, e.g., [Lap-vFi^ , as well 


as |HorZu for explicit values of its upper and lower Minkowski contents. A sim¬ 


ilar result ca n be obtain ed for the Sierpihski gasket (and its higher-dimensional 
analogs); see LapRaZul §3.2.2] and [LapRaZu2-4]. 


Proposition 3.5 (Distance zeta function of the Sierpihski carpet). Let A be the 

Sierpihski carpet in R^, constructed in the usual way inside the unit square. Let S 
be a fixed positive real number. We assume without loss of generality that h > 1/6 
(so that for this choice of 6, As coincides with the 5-neighborhood of the unit square 
[0,1]^). Then, for all s G C, the distance zeta function C.a of the Sierpihski carpet 
is given by 

Ca(s) = -TTpU—^ -^-7’ 

2®s(s — 1)(3* — 8) s s—1 

which is meromorphic on the whole complex plane. In particular, the set of complex 
dimensions and of principal complex dimensions of the Sierpihski carpet are given, 
respectively, by 


^(Ca) = {0,1} U dimpc A, dimpc A = logg 8 -I- 


27r 

logs' 


iZ. 


(30) 


Furthermore, each of the complex dimensions {i.e., each of the poles of /'a) is 
simple. Moreover, the residues of the distance zeta function C,a computed at the 


principal poles Sk '.= logg 8 -I- j^gfci, with k G Z, are given by 


res(CA,Sfc) = 


2-sfc 


(log3)sfc(sfc - 1)' 


(31) 
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Finally, the approximate values of the lower and upper D-dimensional Minkowski 
contents are given by M^{A) ^ 1.350670 and 1.355617. {The precise 

values can be found in |HorZn| .l 


Sketch of the proof. In order to compute the distance zeta function 

Ca(s) := [ d{{x,y),Ay~‘^dxdy 
JAs 

of the Sierpihski carpet A, we first have to calculate 


■■= [ d{{x,y),Ak)dxdy, (32) 

J Hfc 

where 17^ is a square of the fc-th generation (of side lengths Ok = 3“^) and Ak is its 
boundary. (Here, we deal in fact with ‘relative distance zeta functions’, which are 
discussed in Remark lHl^ iust below; see and [LapRaZul-4].) This can be easily 
done by splitting into the disjoint union of eight congruent right-angle triangles, 
and we obtain after a short computation that CAfc(s, ktk) = 8 • 2“'‘o|s“^(s — 1)“^. 
Since the fc-th generation consists of 8^“^ squares congruent to we deduce that 


a(s, [o,i]2) = ^8'=-iajs,f7fe) 

fe=i 


8 

2'‘s(s- 1)(3'‘ -8)’ 


(33) 


for Re s > log 3 8. The last expression in (l33l) is meromorphic in all of C. Hence, 
upon analytic continuation, Ca(s, [0,1]^) is given by that expression for all s G C. 
Note that the value of Cyi(s,[0,l]^) is precisely equal to the first term on the 
right-hand side of (I29|) . The remaining two terms are obtained by considering 
Ca(s, As \ [ 0 ,1 ]^), which can be easily reduced to considering a disk i?5(0) of radius 
(5 with respect to its origin 0 S and two rectangles that are congruent to 
Ho := (0,1) X (—(5, d) with respect to its middle section Aq := (0,1) x {0}. □ 


Remark 3.6. Eq. (ESI is a very special case of the zeta function of a relative fractal 
drum {A, H) in a notion wh ich will be briefly discussed in )l6]and is the object 
of [LapRaZu4] and LapRaZul Chap. 4]; see the first equality in Eq. below. 


4. Transcendentally quasiperiodic sets 

In this section, we define a class of quasiperiodic fractal sets. The simplest of such 
sets has two incommensurable periods. Moreover, using suitable generalized Cantor 
sets, it is possible to ensure that the quotient of their periods be a transcendental 
real number. Our construction of such sets is based on a class of generalized Cantor 
sets with two parameters, which we now introduce. 
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Definition 4.1 ([LapRaZul,2]). The generalized Cantor sets are determined 

by an integer m > 2 and a real number a G (0, Ijm). In the first step of the analog 
of Cantor’s construction, we start with m equidistant, closed intervals in [0,1] of 
length o, with m — 1 ‘holes’, each of length (l — ma)/{m—1). In the second step, we 
continue by scaling by the factor a each of the m intervals of length a; and so on, 
ad infinitum. The (two-parameter) generalized Cantor set is then defined 

as the intersection of the decreasing sequence of compact sets constructed in this 
way. It is easy to check that (7^™’“^ is a perfect, uncountable compact subset of M; 
furthermore, (7^™’“^ is also self-similar. For m = 2, the sets are denoted by 

C^°'\ The classic ternary Cantor set is obtained as In order to avoid any 

possible confusion, we note that the generalized Cantor sets introduced here are 
different from the generalized Cantor strings introduced and studied in |La p-vFi^ 
Chap. 10], as well as used in a key manner in [Lap-vFi^ Chap. 11]. 

We collect some of the basic properties of generalized Cantor sets in the 
following proposition. 

Proposition 4.2 (Generalized Cantor sets, [LapRaZul,2]). If A := (7^"*’“^ is the 
generalized Cantor set introduced in Definition \4-l\ where m is an integer larger 
than and a G (0, l/m), then 

D := dims A = D{Ca) = logi/^ m. (34) 

Furthermore, the tube formula associated with A is given by 

\At\ = t^~^G{logt~^) for all t G {0,to), (35) 

where tp is a suitable positive constant and G = G{t) is a continuous, positive and 
nonconstant periodic function, with minimal period T = log(l/a). 

Moreover, A is Minkowski nondegenerate and Minkowski nonmeasurable; that 
IS, 0 < (A) < M*°{A) < 000 

Finally, the distance zeta function of A admits a meromorphic continuation 
to all of C and the set of principal complex dimensions of A is given by 

27T 

dluipc A = D +—iZ. (36) 

Besides (dimpc A) U {0}, there are no other poles, and all of the poles of ({a oLfc 
simple. In particular, vICa) = {D + U {0}. 

The definition of quasiperiodic sets is based on the following notion of quasiperi- 
odic functions, which will be useful for our purposes^ 


^^The periodic function G = G(r), as well as the values of (A) and Ai*^ (A), can be explicitly 
computed; see [LapRaZul, §3.1.1] 

^®We note that Definition [43] although rather close to the one provided in |Vin| . is very different 
from the usual definition of Bohr-type quasiperiodic functions. 
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Definition 4.3 ([LapRaZul,2]). We say that a function G = G{t) : K — >■ R 
is transcendentally n-quasiperiodic, with n > 2, if it is of the form G{t) = 
H{t, ... ,t), where H : K" —>■ R is a function that is nonconstant and T^-periodic 
in its fc-th component, for each fc = 1,..., n, and the periods Ti,..., T„ are alge¬ 
braically (and hence, rationally) independent!^ The positive numbers Ti {i = 
l,...,n) are called the quasiperiods of G. If, instead, the set of quasiperiods 
{Ti,..., T„} is rationally independent and algebraically dependent, we say that G 
is algebraically n-quasiperiodic. 

Definition 4.4 ([LapRaZul,2]). Given a bounded subset A of R^, we say that a 
function G : R —>■ R is associated with the set A (or corresponds to A) if it is 
nonnegative and A has the following tube formula: 

\At\ = t^~°{G{log{l/t)) + o(l)) as t -)> 0+, (37) 

with 0 < liminfi— S.+00 G(t) < lim sup^_,,_|_oo G(t) < oo. In addition, we say that 
A is a transcendentally (resp., algebraically) n-quasiperiodic set if the function 
G = G(t) is transcendentally (resp., algebraically) n-quasiperiodic. The smallest 
possible value of n is called the order of quasiperiodicity of A. 


The following result, which has a variety of generalizations as will be briefly 
explained below, provides a construction of transcendentally 2-quasiperiodic frac¬ 
tal sets. Its proof is based on the classical Gel’fond-Schneider theorem (as de¬ 
scribed in |Gel] 1 from transcendental number theory. 


Theorem 4.5 ([LapRaZul,2]). Let and dim^ be two generalized 

Cantor sets such that their box dimensions coincide and are equal to D G (0,1). 
Assume that Ii and I 2 are two unit closed intervals o/R, with disjoint interiors, 
and define Ai := (min/i)-f C Ii and A 2 := (min/ 2 ) + C h- Let 

{pi,P 2 , ■ ■ ■ ,Pk} be the set of all distinct prime factors of mi and m 2 , and write 


O'! CXo 

mi =Pi"P2 




B\ 02 0k 

m2 = pf^pij .. - Pk , 


where ai,Pi £ NU {0} for i = l,...,fc. If the exponent vectors ei and 62 of, 
respectively, mi and m 2 , defined by 


ei := (ai,a 2 ,... ,afc) and 62 := {fii, 132 , ■ ■ ■, fik), 


are linearly independent over the field of rational numbers, then the compact set 
A := U ^2 C R is transcendentally 2-quasiperiodic. 

Moreover, the distance zeta function can be meromorphically extended 
to the whole complex plane, and we have that D{fA) = D. The set Amipc A of 
principal complex dimensions of A is given by 

dimpc A = D -\- ( —Z U —(38) 

\il -L2 '' 


^^That is, linearly independent over the field of algebraic numbers. 
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Besides (dimpc A) U {0}, there are no other poles of the distance zeta function (a 
and they are all simple. In particular, 


nu) = 



(39) 


Remark 4.6. This result can be considerably extended by using Baker’s theorem 
[Bal Thm. 2.1] which, in turn, is a far-reaching extension of the aforementioned 
Gel’fond-Schneider’s theorem. Indeed, for any fixed integer n > 2, using Baker’s 
theorem and n generalized Cantor sets, an explicit construction of a c lass of tran- 
scendentally n-quasiperio dic fractal s ets is given in [LapRaZu2] and LapRaZul 


§3.1]. In [LapRaZud] and LapRaZul Chap. 4], we even construct a set which is 
transcendentally oo-quasiperiodic; see ]JS| 


5. Maximally hyperfractal cxD-quasiperiodic sets 


It is possible to construct a bounded subset A of the real line, such that the cor¬ 
responding distance zeta function (a has for abscissa of (Lebesgue, i.e., absolute) 
convergence D(C,a) any prescribed real number D S (0,1) and A is maximally 
hyperfractal] that is, any point on the critical line {Res = D} is a nonremovable 
singularity of the corresponding distance zeta function C^a- In particular, there is 
no meromorphic continuation of Ca to any open and connected neighborhood of 
the critical line (and, moreover, not even to any open and connected neighborhood 
of an arbitray point on the critical line). Furthemore, it is possible to construct 
a maximally hyperfractal set which is oo-transcende ntally quasip eriodic as well. 


A construct ion of such sets is described in detail in LapRaZul| Ghap. 4] or in 


LapRaZu4 


In the sequel, we provide a rough sketch of this construction. 

The set A C R. which is a maximal hyperfractal and oo-transcendentally 


quasiperiodic set, can be constructed as the nonincreasing sequence 


A = Ar = 


Ok '■= £j : k gN 

j=k 


(40) 


of positive real numbers Ok converging to zero as fc —>■ oo, generated by a suit¬ 
able bounded fractal string C = Roughly speaking, the fractal string £ 

is obtained as a (suitably defined) union of an infinite sequence of bounded frac¬ 
tal strings Ck '■= {£kj)j>i, corresponding to generalized Gantor sets of the form 
Ck ■ for A: S N, with carefully chosen values of the parameters to/c and 

Ofe appearing in Definition 14.11 and where (ck)k>i is an appropriate summable 
sequence of positive real numbers. 

More precisely, the union C := jj^i of the sequence of bounded fractal 
strings Ck is defined as the set-theoretic union of the elements of the strings, but by 
definition, each of its elements has for multiplicity the sum of the corresponding 
multiplicities from all of the fractal strings Ck to which belongs the element in 
question. Note that the multiplicity of an element of C is well defined since this 
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element must belong to at most finitely many bounded fractal strings which 
follows from the fact that the sequence Ck converges to 0 as /c —>■ oo. Moreover, we 
must assume that < oo, so that the string C be bounded (i.e., ^ 

oo). We can also ensure that for each positive integer k, the corresponding upper 
box dimension of £k (that is, of the set Ac^, ) be equal to a fixed value of I? G (0,1), 
prescribed in advance. (Note that the set Ac is distinct from 

Recall that the oscillatory period of Lk (in the sense of |Lap-vFr^ ), which is 
dehned by := provides valuable information about the density of the 

set of principal complex dimensions of Ck on the critical line {Res = D}. More 
precisely, by choosing the coefficient ak G (0, l/m-fc) so that —>■ 0 as /c —?> oo, 
we see that for the set of principal complex dimensions of the generalized Cantor 
string Ck (i.e, the set of the principal poles of dimpc* Ck = dimpc = 

D + PfciZ, becomes denser and denser on the critical line, as k ^ oo, since then 
the oscillatory period pk tends to zero. Therefore, the distance zeta function of the 
fractal string C := will have D + ^IJ^i as a set of singularities, 

which is densely packed on the critical line {Res = D} = D + Ri, since the set 

U^iPfcZ is clearly dense in R. In conclusion, the whole critical line {Res = D} 
consists of nonremovable singularities of (c O which by definition means that the 
fractal string C is maximally hyperfractal. Hence, the corresponding set A := Ac 
is also maximally hyperfractal. 

Since the coefficients Uk, appearing in the definition of the generalized Cantor 
set (see Definition 14.ip . have been chosen above so that Ofe —>■ 0 as /c —)> oo, it is 
clear that ruk —>■ oo, because D = dimp (7^'"''’“''^ = ’ '''^here D G (0,1) 

is given in advance and independent of k. This enables us to use our result men¬ 
tioned in Remark 14.6[ obtained by means of Baker’s theorem from transcenden¬ 
tal number theory [Ba], in order to ensure that the sequence of quasiperiods 

Tfc := log(l/afe), k G N, is algebraically independent (that is, any finite subset 

of this set of quasiperiods is linearly independent over the field of algebraic real 
numbers) Eil According to Dehnition 14.31 this means that C is oo-transcendentally 
quasiperiodic, and so is the corresponding bounded subset A := Ac of the real 
line. 

As we see from the above rough description, the nature of a subset A := Ac 
of the real line which is maximally hyperfractal and oo-transcendentally quasiperi¬ 
odic, is in general extremely complex, although it is, in fact, ‘just’ defined in terms 
of a nonincreasing sequence of positive real numbers converging to zero. 


light of the discussion surrounding Eq. Q above, the same is true if C,c replaced by 
ofi more generally, by the relative distance zeta function defined by : = 

d(x,A)‘’~^dx (see ilfiland [LapRaZu4| or [LapRaZul[ Chap. 4]), where A = dfi is the bound¬ 
ary of any geometric realization of /Z by a bounded open subset H of M. 

^^The algebraic independence of the set of quasiperiods {T/g : A; > 1}, with k > 1, can be deduced 
(using the aforementioned Baker’s theorem, [Ba]) if we assume, in addition, that the sequence 
(®fc)fc>i (suitably redefined), corresponding to the sequence (7n/c)k>i, is rationally independent. 
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In closing this discussion, we mention that this construction (as well as The¬ 
orem and its generalization mentioned in Remark 14.6L extends to any TV > 2, 
by letting B := A x [0,1]^“^ C see [LapRaZul,2,4]. 


6. Fractal zeta functions of relative fractal drums 


In this section, we survey some of the definitions and results from LapRaZuI 


Chap. 4]; see also [LapRaZui 


Let A be a (possibly unbounded) subset of 1^ 
and let II be a (possibly unbounded) Borel subset of of finite iV-dimensional 
Lebesgue measure. We say that the ordered pair (A, H) is a relative fractal drum 
(or RFD, in short) if there exists a positive real number i5 such that II C It is 
easy to see that for every <5 > 0, any bounded subset A can be identified with the 
relative fractal drum {A, As). Furthermore, any bounded fractal string £ = 
can be identified with the relative fractal drum where 

is a family of pairwise disjoint open intervals in R such that \Ij\i = £j for all j > 1. 

Given a relative fractal drum {A, H) in and for a fixed real number r, we 
define the relative upper and relative lower r-dimensional Minkowski contents of 
(A, G), respectively, by 


M*'^{A,n) := limsup-^^^y^, 


Ml(A) := liminf 
^ t^o+ 


The relative upper and relative lower box (or Minkowski) dimensions of {A, G) are 
then defined, respectively, by 


dimB(^, G) := inf{r S 
dim nfA. G) := inf{r £ 


: A4*’-(A,G) =0}, 
:7W:(Af^) = 0}. 


(41) 


It is easy to check that —oo < dim plA. G) < dims (A, G) < TV, and it is shown in 
[LapRaZui,4] that the relative box dimensions can indeed attain arbitrary negative 
values as well, including — oo (an obvious example is when n G = 0 for some 
<5 > 0). Intuitively, negative relative box dimensions correspond to the property 
of flatness of the RFD under consideration. If dimB(yl, G) = —oo, then the RFD 
(A, G) is said to be infinitely fiat. A nontrivial example of an infinitely flat RFD 
(A,G) in is given by A := {(0,0)} and G := {(x,y) £ (0,1)^ : 0 < y < 

Other examples of flat RFDs can be found in [LapRaZui,4]. 

If (A, G) is such that dim p (A. G) = dims (A, G), then this common value is 
denoted by dimB(A, G) and is called the box (or Minkowski) dimension of (A, G). 
Moreover, if (A, G) is such that, for some D £ (—oo, TV], we have 0 < A4^(A, G) < 
A4*^(A, G) < oo (in particular, then dimB(A, G) exists and D = dimB(A, G)), 
we say that (A, G) is Minkowski nondegenerate. If A4f’(A, G) = A4*^{A, G), then 
the common value is denoted by A4^(A, G) and called the Minkowski content 
of (A, G). Finally, assuming that (A, G) is such that A4^(A, G) exists and 0 < 
A4^(A, G) < oo, we say that the RFD (A, G) is Minkowski measurable. 
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To any given RFD {A, fl) in , we can associate the corresponding relative 
distance zeta function and the relative tube zeta function defined, respectively, by 

Ca{sM):= f d{x,Ay-^dx, Ca{sM)-= [ t^-^-^\Atn^\dt, (42) 

Jn Jo 

for all s G C with Re s sufficiently large, where d is a fixed positive real number. 
They are a valuable theoretical and technical new tool in the study of fractals. 

The basic result dealing with relative distance zeta functions, analogous to 
Theorem 12.41 of )j2j is provided by the following theorem. 

Theorem 6.1 ([LapRaZul,4]). Let (>1,12) be an arbitrary RFD. Then: 

(a) The distance zeta function Ca( •, 12) is holomorphic on {Res > dims (A, 12)}. 
Moreover, n(CA(- ,12)) = (Res > dimB(A, 12)}; that is, 

2^(a(-,12)) =^(>1,12). (43) 


(6) If the box {or Minkowski) dimension D := dimB(A, 12) exists, D < N, 
and Aiy{A,Ll) > 0, then <}^(s,12) —> +oo as s £ K converges to D from the right. 
In particular, T-L{C,a{ ■, 12)) = n(CA( •, 12)) = (Re s > dims(4l, 12)}; that is, 

Aioi(Ca(- ,12)) = D{(a{-,^)) = dimB(A, 12). (44) 

An entirely analogous result holds for the tube zeta function C^( • ,12), except 
for the fact that the hypothesis D < N is no longer needed in the counterpart of 
part (&) of Theorem 16.II 

A very useful property of relative distance zeta functions is the following 
scaling property: for any RFD {A, 12) and for any positive real number A, we have 


Caa(s,A12) = AXa(s,12). 


(45) 


We refer the interested reader to LapRaZul Chap. 4] and [LapRaZu4-7] for 
many other related results, examples and comments. We mention, in particular, 
that ‘fractal drums’ (that is, ‘drums with fractal boundary’, in the sense of [Lapl- 
3], for example)!^ correspond to RFDs of the form (912,12), where 12 is a nonempty 
bounded open subset of and that the results discussed in ^ above are applied 
in a crucial way in order to show the optimality of certain inequalities pertaining 
to the meromorphic continuations of the spectral zeta functions of fractal drums 


(viewed as RFDs); see [LapRaZul | §4.3] and [LapRaZu? 


7. Fractal tube formulas and a Minkowski measurability criterion 

In this section, we briefly explain how under suitable growth conditions on the 
relative distance (or tube) zeta function (see a variant of the languidity (resp., of 
the strong languidity) condition of |Lap-vFr3l §5.3] given in [LapRaZu5,6]), it is 
possible to recover a pointwise or distributional fractal tube formula for a relative 
fractal drum [A, 12) in , expressed as a sum of residues over its visible complex 


^^See also [Lap-vFr3, §12.5], [Lap6] and [LapRaZu7] for many other references on fractal drums. 
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dimensions. These fractal tube formulas, along with a Tauberian theorem due to 
Wiener and Pitt (which generalizes Ikehara’s Tauberian theorem, see |Kor[ IPos] l 
make it possible to derive a Minkowski measurability criterion for a large class 
of relative fractal drums (and compact subsets) of . These results generalize 
to higher dimensions the corresponding ones obtained for fractal strings (that is, 
when = 1) in |Lap-vFr^ §8.1 and §8.3]. 

The resul ts of this s ection are a nnounced in LapRaZuS and fully proved 
(See also LapRaZul, Chap. 5].) Furthermore, we refer the in- 


LapRaZuG 


terested reader to [LapRaZul,6] and |Lap-vFr3l §8.2 and §13.1] for additional 
references on tube formulas in various settings, including [DeKOU, Fedl, Gra, 
HuLaWei, Schn, Zah, Wey, LapPel-2, LapPeWil-2, LapLu, LapLu-vFrl-2]. (See 
also |Lap-vFr3l §13.1, §13.2 and §13.4].) 

In order to be able to state the fractal tube formulas, we introduce the follow¬ 
ing notions, adapted from |Lap-vFi^ to the present much more general context. 
The screen S is the graph of a bounded, real-valued, Lipschitz continuous function 
S'(t), with the horizontal and vertical axes interchanged: S := {S'(t) -fir : r £ R.} 
and we let sup S' := sup^-gg S(r) £ K. Given a relative fractal drum (A, fl) 
of , we always assume that the screen S lies to the left of the critical line 
{Res = dimB(^, fl)}, i.e., that supS < dimB(A, fl). Furthermore, the window W 
is defined as IF := (s £ C : Res > S(Ims)}. The relative fractal drum (A, 11) is 
said to be admissible if its tube (or distance) zeta function can be meromorphically 
extended to an open connected neighborhood of some window IF. 

Assume now that (A, fl) is an admissible relative fractal drum of for 
some screen S such that its distance zeta function satisfies appropriate growth 
conditions (see [LapRaZu5,6] for details)!^ Then its relative tube function satisfies 
the following identity, for all positive real numbers t sufficiently smalll^ 


[Atnuj = 


E 

OJSViCAi- ,n),W) 


res 


^N-s 


N-s 


CAis,n),uj +n{t). 


(46) 


The above fractal tube formula is interpreted pointwise or distributionally, 
depending on the growth properties of Ca(')^^) and then, TZ(t) is a pointwise 
or distributional^ asymptotic error term of order at most 0(t^“®“P‘^) as f —>■ 
0+. Moreover, if S lies strictly to the left of the vertical line (Res = sups'} 
(that is, if S{t) < supS for every r £ R), then TZ{t) is pointwise or 

distributionally, as t —>■ 0+. In the case when ((^(•,17) satisfies stronger growth 
assumptions (i.e., the analog of the “strong languidly conditon” of |Lap-vFr3l 
Def. 5.3]), we obtain a tube formula without an error term (i.e., 7^(t) = 0) and 


^^Roughly speaking, C(A,n) •= Ca(' 5 ^) is assumed to grow at most polynomially along the 
vertical direction of the screen and along suitable horizontal directions (avoiding the poles of 
C(A,f 2 ))i see |Lap-vFr^ Def. 5.2] for the so-called “languidity condition”. 

^"^The ranges within which the formulas are valid are fully specified in [LapRaZu5,6]. 

^^For the precise definition of distributional asymptotics, see |Lap-vFr3] §5.4.2], [LapRaZu5-6] 
and the relevant references therein. 
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with VF = C. Following [Lap-vFr3], the resulting formula is then called an exact 
fractal tube formula. 

The tube formula (HSl) can also be expressed in terms of the relative tube 
zeta function when analogous growth conditions are imposed on (•, 

|Atnn|= ^ Tes(t^~''CAis,fl),u?j+TZ{t). (47) 

u,&v(Ca{- ,n),w) 

In fact, the key observation for deriving the above formula is the fact that 

/■+00 

CAis,^) = nn|d< = {lH/}(s), (48) 

^0 

where xe is the characteristic function of the set E, {91tV'}(s) := /o^°° 
is the Mellin transform of the function ijj, and f{t) := Xio,S){'t)\^t H n|. One 

then applies the inverse Mellin transform (see [Titchj l to recover the relative tube 
function 1 1 —>■ \At O flj and proceeds in a similar manner as in |Lap-vFi^ Chap. 5] 
for the case of fractal strings. 

As an application, the following result generalizes the Minkowski measurabil¬ 
ity criterion given in |Lap-vFi^ Thm. 8.15] for fractal strings to the present case 
of relative fractal drums. 


Theorem 7.1 (Minkowski measurability criterion, [LapRaZu5,6]). Let (A, 17) be 

an admissible relative fractal drum of such that D := dim^ A exists and 
D < N. Furthermore, assume that its relative distance (or tube) zeta function 
satisfies appropriate growth condition^f\ for a screen passing between the critical 
line {Res = D} and all the complex dimensions of A with real part strictly less 
than D. Then, the following statements are equivalent: 

(a) A is Minkowski measurable. 

(b) D is the only pole of the distance zeta function located on the critical 
line {Res = D}, and it is simple. 


There exist relative fractal drums which do not satisfy the hypothesis of 
Theorem 17.11 concerning the screen; see [Lap-vFr3, Exple. 5.32]. We point out that 
the fractal tube formula (H51) can be used to recover (or obtain for the first time) 
the (relative) fractal tube formulas for a variety of well-known (and not necessarily 
self-similar) fractal sets, as is illustrated by the following examples. 


Example 7.2. Recall from Proposition 13.51 that the distance zeta function of the 
Sierpinski carpet A is given for all s G C by 


Ca(s) 


8 ^5“ 5^-^ 

_L Ott_ L 4_ 

2Ms-l)(3«-8)^ , + s-r 


^®Note that in light of the functional equation m, assuming growth conditions for (^a is essen¬ 
tially equivalent to assuming them for (and vice versa). 

^^See [LapRaZu5,6] for details about these growth conditions. 
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for 6 > 1/6, and is meromorphic on all of C. It is easy to check that (/a satisfies 
growth conditions which are good enough for (1461) to hold pointwise without an 
error term and for all t G (0,1/2): 

\M= res 1^1—CA(s),wy (49) 

cde-p(CA.C) V / 

Now, also recall from Proposition 13.51 that V{Ca,C) = {0,1} U (sfe : k G Zj, 
where Sk = log 3 8 + for all k G Z. Furthermore, res(CA,0) = 27r + 8/7, 

res(CA,l) = 16/5 and the residues at Sk are given in (1^ : so that (l4^ becomes 
the following exact, pointwise fractal tube formula, valid for all t G (0,1/2): 


1^*1 


^ 2 -log 3 8 + 2 ^ 

logs Sk(sk - 1)(2 - Sk) 




(50) 


The above example can be generalized to an iV-dimensional analog of the 
Sierpihski carpet (see [LapRaZul,6]). We next establish the special case of this 
assertion for the relative 3-dimensional Sierpihski carpet. 


Example 7.3. Let A be the three-dimensional analog of the Sierpihski carpet and 
n the closed unit cube in More precisely, we construct A by dividing 17 into 
27 congruent cubes and remove the open middle cube, then we iterate this step 
with each of the 26 remaining smaller closed cubes; and so on, ad infinitum. By 
choosing h > 1/6, we deduce that Ca is meromorphic on C and given for all s G C 
by (see [LapRaZul,6]) 


CA(s,f7) = 


48-2- 


s(s-l)(s-2)(3«-26)' 


In particular, V{C,a(- ,^)i^) = (0,1,2}U (log 3 26 -I- piZ), where p := 
Furthermore, we have that 


(51) 

27r/log3. 


res(CA(- ,f2),0) 
and, by letting ojk 


24 24 

= res(CA(-f 2 ),l) = —, 

log 3 26 + pfci for all fc G Z, 


res(CA(- ,^2),2) 


6 

17 


24 • 2-^^^ 

res(CA(- ,f2),a;fc) = - - -—-——-. 

13 • oJkO^k - l)(wfc - 2) log3 

Again, the relative distance zeta function Cyi( •, 17) satisfies sufficiently good growth 
conditions, which enables us to obtain the following exact pointwise relative tube 
formula, valid for all t G (0,1/2): 


24^3-1083 26 ^ 6 12 2 83 

13log3 (3 - ujk)(ujk - l){u}k - 2)u}k " 17 ^^^^ 


In particular, we conclude that dims (A, 17) = logg 26 and, by Theorem 1 7. 11 that, 
as expected, (A, 17) is not Minkowski measurable. 
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One can similarly recover the well-known fractal tube formula for the Sierpih- 
ski gasket o btained in |LapPe2| (and also, more recently, by a somewhat different 


DgKQnj}, as well as a tube formula for its A^-dimensional analog 
LapRaZul Chap. 5]1^ We also point out that, in light of the func- 


method, in 
described in 

tional equation (U), the above fractal tube formulas (H5)) and (H71) generalize the 
corresponding ones obtained for fractal strings (i.e., when N = 1) in |Lap-vFi^ 
§8.1]. Furthermore, these tube formulas can also be applied to a variety of fractal 
sets that are not self-similar, including ‘fractal nests’ and ‘geometric chirps’ (see 


LapRaZul Chaps. 3 a nd 4] for the definitions of these notions and LapRaZub 
along with [LapRaZul Chap. 5] for the actual fractal tube formulas). 


We conclude this section by briefly explaining how these results can also be 
applied in order to recover (and extend) the tube formulas for self-similar sprays 
generated by a suitable bounded open set G C K^. (See |LapPe2[ ILapPeWTTl .) 
A self-similar spray is a collection {Gk)k&i of pairwise disjoint sets Gk C R'", 
with Go := G and such that Gk is a scaled copy of G by some factor Xk > 0. 
The sequence {Xk)ken is called the scaling sequence associated with the spray and 
is obtained from a “ratio list” {ri,r2, ■ ■ ■ ,rj}, with 0 < < 1 for each j S 

{1,2,..., J}, by building all possible words based on the ratios rj. Let now (A, fl) 
be the relative fractal drum such that A := d{UkeNGk) and := UkefiGk, with 
dimB(9G, G) < N. Then, it is clear that its relative distance zeta function ^^(-,11) 
satisfies the following functional equation, for all s G C with Re s sufficiently large: 

Ca{s, 11) = (acis, G) + CriA(s, ^-ill) H-h CrjA(s, r-jH), (52) 

where {rjA,rjil) denotes the relative fractal drum (A, H) scaled by the factor 
rj. Furthermore, by using the scaling property (1^ of the relative distance zeta 
function, the above equation becomes 

a(s, n) = Cog{s, G) + rlCAis, H) + • • • + r}a(s, H), (53) 

which yields that 

Cacis, G) 


Ca(s,11) = 




(54) 


It is now enough to assume that the relative distance zeta function facis^G) of 
the generating relative fractal drum {dG, G) satisfies suitable growth conditions in 
order to obtain the following formula for the ‘inner’ volume of At = {dVt)t relative 
to fl := UfegNGfc, for all positive t sufficiently small: 


|Atnii| = 


res I - / J -\ 

u,(i'S{W)vjV(CaG( ■ ,G),W) \ (IV - s) {1 - '^jj 


t^-%aG{s,G) 


+7e(t), (55) 


where '£){W) denotes the set of all visible complex solutions of 

and W is the window defined earlier. It is easy to check that (at least) in the case of 


can also recover and extend the significantly more general fractal tube formulas obtained 
(for fractal sprays and self-similar tilings) in [LapPeWil| and used, in particular, in [LapPeWi2|. 
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monophase or pluriphase generators (in the sense of |LapPe2| and [LapPeWil,2]), 
these growth conditions are satisfied, so that one obtains exactly the same distri¬ 
butional or pointwise fractal tube formulas as in |LapPe2| or [LapPeWil] , respec¬ 
tively, after having calculated the distance zeta function (doi ', G) of the generator. 
Moreover, if (dci', G) is strongly languid, we can let TZ{t) = 0 and bP = C in (1551) 
and therefore obtain exact fractal tube formulas. 


We conclude this survey by pointing out that a broad variety of open problems 
and suggest ions for directions for future research in this area are proposed in 


LapRaZul Chap. 6]. 
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